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Multiple-Spacecraft Orbit Transfer Problem:
Weak-Booster and Strong-Booster Cases

Cesar A. Ocampo* and George W. Rosborough'
University of Colorado, Boulder, Colorado 80309

Primer vector theory, in combination with a parameter optimization algorithm, is used to compute the optimal
transfer of n spacecraft from an initial parking orbit to a final operational orbit with the added constraint that all
spacecraft are injected from the parking orbit on one upper-stage booster and that all are required to be spaced
along the final orbit according to some prescribed, but otherwise arbitrary, spacing constraint between individual
spacecraft. Two particular cases of the problem, known as the weak- and the strong-booster cases, are examined. In
the weak-booster case, the booster provides the departure maneuver from parking orbit, but because of a booster
propellent constraint, its trajectory does not reach the final orbit, requiring that all spacecraft make at least two
maneuvers to complete the transfer. For the strong-booster case, the booster departure maneuver is unconstrained
in magnitude,implying that at least one of the spacecraft can complete the transfer with a single maneuver because
the transfer trajectory can reach the final orbit. The solution is formulated for a general force field, and examples
are given for a three-spacecraft constellation transfer in the restricted three-body problem force-field model.

Introduction

HE current study is a continuation of previous results' that

deal with computing and optimizing transfer solutions for mul-
tiple spacecraft. The problem has been termed the single-booster
multiple-spacecraft transfer problem and is subdivided into three
distinct cases: no booster, weak booster, and strong booster.

Case I, no booster: This case considers the transfer of n space-
craft between two arbitrary orbits without the aid of an upper-stage
booster. All of the spacecraft move from the initial orbit O° to the
final orbit O/, subjectto the final spacing constraint,and the booster
does nothing.

Case 11, weak booster: In this case, all spacecraft are injected
onto an intermediate transfer orbit O™ with the aid of an upper
stage booster. After injection, all spacecraft perform the number of
impulses required for moving from the transfer orbit to the final
mission orbit. The primary assumption for this case is that the in-
termediate trajectory does not intersect the final orbit, and thus all
spacecraft are required to perform at least two maneuvers to com-
plete the transfer. This case results when a propellant constraint is
imposed on the booster, thus bounding the maximum injection Av
capability for a given payload. As a consequence, the transfer or-
bit may not reach the final orbit and hence the designation as the
weak-booster case. This case is used when the upper-stage booster
parameters are fixed and it is required to determine the optimal
conditions for the transfer of the n spacecraft by using their own
dedicated propulsion systems to move from O™ to O/,

Case I1I, strong booster: This case is similar to case II without
the booster propellant constraint, therefore making it possible for
the booster transfer orbit to intersect the final orbit at least once, so
that at least one spacecraft can complete the transfer with a single
impulse. If the injection orbit intersects the final orbit more than
once, as is the case if it is periodic, for example, then it may even be
possible for all spacecraft to perform a single impulse to complete
the transfer. This case is used when it is desired to size the upper-
stage booster for a given payload of n spacecraft. In this case, the
booster and the first spacecraft move from O° to O/ by means of
O™ and the remaining spacecraft move from O™ to O/,
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Cases Il and III are treated in this paper. A costis defined, and the
differential of the cost is derived in the form of a cost gradient such
that the coefficients of the independent variations are the elements
of the gradient vector for an unconstrained optimization algorithm.
Further examination of each coefficient provides information about
the conditions that must be satisfied on a stationary solution to the
transfer problem. The value and the sign of these coefficients also
provide information on how a nominal solution can be improved at
leastto firstorderby a slightadjustmentof the independentvariables
in the right direction.

The solution to this problem is needed for the optimization of
future satellite constellation transfer problems. Although the ex-
amples assume a restricted three-body problem (RTBT) force-field
model,? these can be extended and applied to any force field for
which the solution to this problem is required. The classes of orbits
used in the numerical examples are known as distant Earth orbits,
which are ideal orbits for future astronomical satellites.> The appli-
cation of primer vector theory to the development of the necessary
conditions for optimal impulsive orbit transfers between RTBP tra-
jectories and, in particular, distant Earth orbits has been examined
in a recent study.® In general, the use of primer vector theory for
impulsive and finite burn maneuvers has been examined and doc-
umented extensively in the literature,*~® and these results form the
basis of the current study.

Case II: The Weak-Booster Case

The weak-booster case considers the injection of n spacecraft
into an intermediate orbit that does not intersect the final target
orbit. This is the case when the Avg,,x capability of the booster is
boundedbecause of a propellantconstraintand the resulting transfer
orbit cannot reach the final orbit. The booster and the n spacecraft
are initially on the orbit denoted by O°. The intermediate transfer
orbit is referred to as O™ and all n spacecraft then perform the
required maneuvers to move from O™ to O/. The initial payload
(the n spacecraft) on 0is specified, as are the characteristicsof the
booster stage.

For a given booster and payload mass, the maximum Av capa-
bility available from the booster injection maneuver is given by

mpuyload + mstuge + Myl )

mpuyload + mstuge

AvOmax =Cp E“(

where ¢ is the booster engine exhaust velocity, m . is the booster
stage mass, My, is the booster propellant mass, and #4102 is the
payload mass given by the n spacecraft:

_ i
mpuyload - nmo
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where m) refer to the initial individual spacecraft masses including
their own dedicated fuel and propulsion system masses. This is
equivalentto the spacecraft’s separated mass. The booster injection
maneuver,described by the departurelocation from O° and the three
components of Avy, is included in the overall optimization process.
The cost of the boost maneuver in terms of propellant consumed
does not form part of the cost function. However, the cost in terms
of the total Av of the n spacecraft will depend on the parameters
that define this maneuver. The cost function is given by

J=minZAvi 1)

i=1

where Av' is the sum of the two maneuvers for each spacecraft. The
optimization parameters are

ZTZ(‘EO Avy ‘E’L e !

. T", rfl)
where 1 is the locationon O° where the maneuveris applied, Av, is
composed of the ijk components of the booster injection maneuver,
7. isthelocationon O™ from which the individualspacecraftdepart,
T' is the time of flight for each spacecraft between the departure
maneuver from O” and the arrival maneuver on O/, and ¢! is the
arrival point of spacecraft1 on O/,

The injection maneuver is represented more conveniently in a
frame that moves and rotates with the spacecraft. One convenient
frame is the P@w frame defined by the basis vectors,

v r xv)

a=wx9

w
v’ Irxv|’

v

This represents a vehicle centered osculating frame to which the
angular direction of the maneuvers are referred. If Avy, «, and B
are specified then

’
Avg, Avy cosa cos B
Avy = | Avy, | = | Avpsinacos B
Av’( Avj sin
0z 0

where the prime symbol denotes quantities referred to in the vaw
frame. Here, « is the right ascension of the Av vector in the v-u
plane and B is the declination measured relative to the same plane.
The ijk components of the maneuver are then determined by means
of the transformation

Avy = RAv,

where R is the direction cosine matrix of the vuw — ijk transfor-
mation and is given by

ivoi-w iow
R=\|jv ju j-w
k-v k-a k-w

The magnitude of the injectionmaneuveris bounded by the inequal-
ity constraint,

0 =< AUO =< AvOmax

This constraint is removed when a slack variable a is introduced
such that

Avy = AVg e Sin> a

where a is unbounded. In this way, the transformed vector of opti-
mization parameters is given by
T __ ( 1 n 1 n 1
z =ty a « Bz, - 71T,T T,rf)

resulting in a 2n + 5 dimensional parameter optimization problem.
Note that all of the boundary conditions and constraints are satisfied
at each value of z so that from an optimization algorithm point
of view, the problem is unconstrained. This is because all of the

required intermediate solutions of the Lambert problem are solved
at each iteration.

The developmentof the cost gradientfollows the same procedure
as that required for the no-booster case! except that a modification
is required for accounting for the fact that the intermediate transfer
orbit O™ is not fixed because it depends on the variables that define
the initial injection maneuver and location. The minimization of the
characteristic velocity for transferring spacecrafti from O™ to O/
by means of two impulses requires minimizing the cost function
given by

J' = Av, + Avy
The total cost for the n spacecraftis
J=y
i=1

For spacecrafti, when the components of the initial and the final
maneuvers are treated as independent arguments of J*, the differ-
ential of J' is

4 = 8% ay )+ 28V Ay )
= V) + ——=d(Av
oAV, 0AV; /
Av, (o - Av; + -
= A_vm(dvm - dvm) + Av; (dvf - dvf)

where the — and the + signs indicate quantities before and after an
impulse time, respectively.It can be shown that the generalized cost
gradient for spacecrafti is’

aJ" =[(p, +pi H)or, —phov,] + Hy dv, + HdT + H] dr,
2)

where p is the primer vector, p is the primer rate, and H is the
Hamiltonian given by

H=p'v—p'g

where v is the velocity and g is the gravitational force-field vector.
Subscripts denote the times at which these values are evaluated,
where m corresponds to £, and f corresponds to ;. The term in
brackets is referred to as the adjoint equation for a system with
velocity-dependentterms and is required because the intermediate
orbit O™ changes as a result of perturbations in both Av, and dzy,
which in turn introduce the nonzero perturbations ér,, and dv,, at
t,, on O™, If O™ remains fixed, then this term is zero and the cost
gradientis the same as that for the standard orbit transfer problem.
Here 6r;, and dv,, are contemporaneous position and velocity per-
turbations, respectively, before the initial spacecraft maneuver on
O™ . These are related to the state variations along O™ by means of
the 6 x 6 state transition matrix & (z,,, 7o), evaluated along this orbit

from 1ty tot,:
Sr ), P ori
8%, = Bty 1o)ox] . ( :) =" 7" ( 3)
Sy q>21 Cbzz (tmt0) 8V0

Solving for 8r,, and év;, and inserting into the expression for d J/
yields,

dJ" = g (181 + ®128vy) — p,, (Po1dry + Prdvy)
+H, dv, + HdT + H} dt, 3)
= (@0 @0 =P, ) (5r) + (4, P12 = p;, @22) (6v7)
+H, dv, + HdT + Hf dz; 4)

where
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At the injection point the position and the velocity time-free varia-
tions (noncontemporaneousperturbations) are given by

dry = o +vj dr, dry =dr; +v, dr
dvy = dvy +fy do, dvy = év, +fy dro

where f; and f; are the vector force fields before and after the
injection point, respectively. Because the initial orbit O° is fixed,
ory, =0, vy =0

Continuity of the position and the vector field across the injection
impulse requires that

dry = dr{ =dry, =r=n

so that

oy +
ory =vy drg — vy diy

i = fy dro — fy dty + (dvy — dvy)
:f(; dTO _f(;r dtg + d(AVO)
Fixing the initial time so that d7y = O results in
sry = vy dro, Svg =fy dro + d(Awp)
and it remains to determine d(Avy) as a function of the variations
of the parameters used to describe Avy. If the components used to
specify the injection maneuver are grouped as

V=@ a P

then the differential of the injection maneuver is

d(Avo) AV, dAY, A + AV, d
V) = ——— T
7 9Av, ob' Ity
oAV, dAv, or, dAvy dv,
= R—2Ld®) + —dr + — dx
ob’ ®) ( ory 97 0 v, 97 0
AV, 0Avy _  0Avy _
= R—=24d®) + v, +——g, | dx
o ) <8r 0 T Ty, B0 )T

Note that the variation with respectto 7y is required because the vuw
frame in which &’ is defined is dependenton the state at ¢, and the
location on O° given by Ty, i.e., a perturbationin 7, will produce
an independent perturbationin Avy. The gradients of the injection
maneuverwithrespectto the positionand the velocity vectorsbefore
the injection maneuver are given by

dAvg orR |
— ZfAVO
ory or,
) ow | ow , _
= | —Av, | — Ay, Ay,
or, or, or, 1x3
dAv, orR
— = —Ay,
v, v,
W  _|om | ow  _
=|—Av, —Av, | — Ay,
v, v, v, -

Recalling the definition of the unit vectors of the vuw frame, ¥ =
v/u,w =F X v, and & =w x », where ¥ = r/r, we find that the

gradients of these unit vectors with respectto the state vector (ro, vo)
atf, are

v v _ ou - .
—‘i:, —‘i:V, —li:(va)xv
or, v, or,

on I -

— =FxV)xv+@Fxv)xV

v,

ow _ ow -

— =R x, —=rxV

or, v,

where

R = (1/Irh(I i), V =1/ —#7)

and / is a 3 x 3 identity matrix. Note also that both a matrix-vector
cross productand a vector-matrix cross producthave been used. For
example, the matrix-vector product operation for a 3 x 3 matrix L
and a 3 x 1 vectork is given by

Lxk=[A"xks1 P xk)s @ xkse],
where I’ is the ith column of L. The product L X k is thusa 3 x 3
matrix whose columns are the vectors that result from the cross
products of the columns of L and the vector k. The vector-matrix

productis defined in an analogous way, except that the order of the
cross-productterms is reversed:

kxL=[tkxIYs0 (kx50 (kx50 ]

3x3

In terms of 7y and b/, the velocity perturbation after the injection
maneuver is given by

d0AYVy _ AV _ oAV,
svi= |y~ + 1+ dry + R—=2 db’
Yo |: ory Yo ( v )g0i| o

o 0 b’
where
AV
b
_aAUOX . .
——cosacosfB  —Avyysinacosf  —Avycosasinf
a
aAva . . .
sinecosfB  AvgcosacosfB  —Avysinasinf
aAU()x .
—ssinf 0 Avgcos B
aa
aAUOx .
——— = 2AVgmax SINA COS A
aa

In terms of the injection maneuver variations db’, the departure point
on O™, the transfer time between O™ and O/, and the arrival point
of O/, the cost gradient for each spacecrafti is now given by
dJ! +aJi dro + 0 db' + H, dt, + HAT + H} d
= —_— T _— Tm T
oty o " i

i=1,....n)
If the following two quantities are defined,

m= (q;q)ll _P;‘DZI)’ n= ((.I,z,‘blz—P,Z,‘Dzz)

aJi Ay AV
— =y 4| v, + 1+ =)y
010 or, v,

' _aR AV,
ob’ ob’

then
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Generalizing the result to n spacecraftrequires setting
Y52
S e

i=

Finally, when the differentials of the final arrival-point constraints
are eliminated, the differential of the cost for the weak-boostercase
is given by

dJ =+Ty Zmi vy

i=

Z — Hj)de, + [ H' +2”:H;f dr’

i=2 i=2

+Z — HP)dT' =T, [ Y H}' | dr) 5)

i=2 i=1

The coefficients of the variations in the independent parameters are
then used to form the gradient vector in an unconstrainedparameter
optimization algorithm. For each value of the parameter vector, the
booster maneuver is made and the intermediate orbit O™ is com-
puted. Then a series of generalized Lambert problems is solved for
each spacecraft between the departure point on O™ and the arrival
pointon O/,

The departure location on O™ for each spacecraftis given by t/ .
An additional constraintthatmay be needed and has notbeenusedis
that /. > 0. This simply means that the departure points on O™ for
each individual spacecraft must occur after the booster maneuver,
because otherwise the departure points would be undefined. These
inequality constraints can be removed when a real vector of slack
variablesd’ is introduced such that

@y -t =0 i=1,...,n)

The implementationof these constraintsis required only in the event
that the algorithmis converging to negative values of 7, .

Case III: The Strong-Booster Case

If aboosterpropellantconstraintis notimposed, thenit is possible
for the transfer orbit to reach and thus intersectthe final orbit at least
once.Inthis case, itis possibleforatleast one spacecraftto complete
the transfer by performing only one maneuver. If the transfer orbit
intersects the final orbit more than once, it may even be possible
for the other spacecraft to perform only one maneuver to complete
the transfer as well. This occurrence would, however, depend on the
synodic periods related to the initial orbit, the intermediate transfer
orbit, and the final orbit. In general, however, it can be assumed
that one spacecraft performs a single maneuver, whereas the other
spacecraft perform the required number of maneuvers to complete
a feasible transfer.

The objective is to minimize the total sum of all of the veloc-
ity impulse magnitudes made by all of the spacecraft; the velocity
magnitude of the booster maneuver is not part of the cost function,

but the parameters that define the boost maneuver are used as part
of the optimization variables. With this, the cost function is

J:Xn:AviT

i=1

where Av} is the sum of the magnitudes of the maneuvers made by
spacecrafti:

Avy = Xm:AvJ»

j=1

and m is the number of maneuvers assumed for the particularspace-
craft. For simplicity, it will be assumed that spacecraft 2 to n will
perform at most two maneuvers; spacecraft I makes only one ma-
neuver, as the booster trajectory is on a path that intersects the final
orbit. The set of optimization variables is then given by the param-
eter vector,
7f = [‘EOB T! ‘E},‘E,i f,fl ‘[’Z,Tz T3 ... T”]

where 7 represents the departure point for the booster on orbit 0°,
T! is the transfer time between the booster maneuver at 77 and
spacecraft 1’s maneuver at location ! on O/. The booster trajec-
tory and spacecraft 1’s trajectory are the same by definition, and
this will be referred to as the intermediate orbit O”. The quanti-
ties t/ (i =2 , n) represent the departure points for spacecraft
2,...,nfrom O™, The quantities 7' (i =2 , n) are the transfer
times for each spacecraft between the departure maneuver on O™
and the arrival maneuver on O/. The quantities t/. (i = 2,...,n)
represent the arrival locations on the final orbit for each spacecraft.
These quantities are not independent, as they are constrained by the
spacing constraint. The n — 1 spacing constraints for this case are
given by

J 1y Dom [ 1 ;
rf:rf—l—T—fm-l—T—(T —-TH+ (- DAt
rf rf

j=2,...,n (6)

where T, and T, are characteristic time-length units on the in-
termediate and the final orbits, respectively, which are taken to be
the time periods of the orbits if they are periodic. If the orbits are
not periodic, then some suitable time span encompassing the orbit
arc can be used. The parameter Az is the required spacing between
spacecraft. Note that the booster injection maneuver on O° is deter-
mined uniquely by means of a solution to the generalized Lambert
problem defined by 7', 7', and 7/, and these replace the standard
injection parameters Avy, «, and § in the parameter vector.

The cost gradient for spacecraft 1 is equivalentto the differential
cost function of transferring a single spacecraft from O° to O/, for
which the departure maneuver cost is unimportantand therefore not
included in the cost function. Note that it is the booster that makes
this maneuver so that this transfer is the same for the booster and
spacecraft 1. For spacecraft 1, dJ is given by

dJ! = H; T,dry + HdT — Hf T, dt,
where H is the Hamiltonian:
H=p'v—p'g

where p is the primer rate vector, p is the primer vector, v is the
velocity, and g is the gravitational force-field vector. The subscripts
on H denotewhereitisevaluated: H,, isevaluatedon the initial orbit
before the departure maneuver, H is evaluated along the transfer
after the departure maneuver, and H; is evaluated on the final orbit
after the final maneuver. The boundary conditions on the primer
vector are given by the following necessary conditions’:

pOZO, pf:AVf/AUf
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For the remaining n — 1 spacecraft, the cost gradient for each is
given by

dJi = [(p,fl +p;H)8r,; —p;(Sv;] +H,T,,ds,

where the subscriptm refers to the time index at t,,, which is the de-
parture pointon O™. Because the remaining spacecraftare required
to transfer from O™ to O/, the boundary conditions on the primer
vector associated with each of these are

P = Av, /Av,, piszvf/Avf

The total differential of the cost function is then given by

dJ =dJ! +2”:de

i=2

where it is noted that part of the optimization variables [the final
arrival points ‘E (i= ,n)] are not independent. The dz! (i =
2,...,n) are removed by means of the differentials of the final
pomt spacing constraints:

T, .
dff—d‘tf-l—de +T—pf(dT’ drh i=2,....n

The expression for the adjoint equation at the point of departure on
O™ associated with spacecrafts2, ..., nis

[(p] +p%H)sr, —pLov, ]

These are dependent on the three parameters used to define the
booster intermediate orbit, which is the same orbit for spacecraft 1
and will be referred to by 7o, T, 77, where
‘EOZ‘EOB, T=T" ‘tf:ffl

It can be shown that the adjoint equation for spacecrafts 2, ..., n
can be related to a perturbationin 7, T, 7, as follows. On 0°, the
time-free position and velocity perturbations at the departure point
are

dry = dr, +v, dr, dri = orf + vy dy

dvy = év, +f, dr, dvy = vl +fy diy

where f is the vectorfield. For the RTBP force-field model the vector
field can be split between two components that depend exclusively
onrandv,i.e.,f = g(r)+ k(). Since both the initial orbit and the
initial time index are fixed,

ory = dovy =0, dip =0

then
dry = v, dr, drf =orf,

dvy = f; dr, dvy = év{

because the time-free position perturbations are equivalent, i.e.,
dry = dr{ = drg; then

sry =vy dr (8)

At the arrival point, these perturbations take the form
— s 4 o st 4t
dr, =or; +v, dty, dry =or; +v;dry
I T syt o pt
dv, = v, +f; dty, dvy =ovy +ffdt,

The final orbit is fixed, but the final time or the transfer time is not,
so that

— S - 4+t

drf—(Srf-l—vfdtf, drf—vfdff

dv; =dv, +f; diy, dvi =f; des

Equating the final position perturbationsand setting f, = T yield
or; =vidry —v; dT

The final position and velocity perturbations are also related to the
initial position and velocity perturbations by means of the state-
transition matrix evaluated from 7, to 7:

<8rf)_|:<1>11 <1>12} (arg)
(Sv} q>21 q>22 (tf.10) 81"8r

svi = (o)) (or;

from which
- of'sry)
where

Do = By (1, 1)

Substituting the expressions for 8r; and dr7; into the expression for
8v{ resultsin

v = [ (o) ot on - [(012) v Jar

£0y!
+ [(<D12) v;] dry ©)
so that finally both 8r and dv] have been expressedas functions of

dzy, dT, and dz. The position and the velocity perturbationsat z,,
for spacecrafts 2, .. ., n are also related to the perturbations at #,:

((Srm) C[on @i (arg)
SV’; q>21 q>22 (tmt0) 81"04r

When this expressionis used along with the expressionsfor 8ry and
vy, it can be shown that

(ihory —piovs) = +[m (o) o] vi an
- I:n(d>{20)7li|iv; dT+|:n(<I>{20)7li|iv} dz;,

where
m = ((1;‘311 —P,Z,‘Dﬂ)i, n' = (('I,z,‘blz —P,Z,‘Dzz)i

When these last results are used and the dependent variations
dr} (i = 2,...,n) are eliminated, the differential of the cost for
the strong-boostercase is given by

n _ 1
R Ly R TR
i=2

+ {H -y ay _Z[n(cpg)‘]’vf}drl
i=2

j=2

_ pf{ZH+z+Z[ (7)) ]v}}dr}

i=1
+T,,m2”:( ~ H})dt) +Z

i=2 i=2

H*l dr! (10)

where H' (i =2, ..., n) is the Hamiltonian evaluated between the
impulses for spacecrafts 2 to n and the parameters defining the in-
termediate transfer orbit are reset to ‘EOB, T', and t } The remaining
variables have been defined above. The coefficients of the inde-
pendent variations are used to form the cost gradient vector in an
optimization algorithm. On an optimal transfer, H,' = H' = H}"
for spacecrafts2, ..., n. The Hamiltonian for spacecraft1 is related
in a more complicated way to the other spacecrafts’ value of the
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Hamiltonian as a result of the extra terms in the coefficients of the
variations of the booster transfer trajectory. The optimization of this
type of transfer with the given cost gradient has been found to be
very efficient and well behaved numerically.

The departure location on O™ for spacecraft 2 to n are given
by t/,. An additional constraint that may be needed and has not
been used is that ‘E,il > 0. As with the weak-booster case, these
inequality constraints can be removed if necessary by introducing
slack variables.

Transfer Examples

This section illustrates the use of the analytical cost gradient to
optimize a nominal multiple-spacecrafttransfer for three spacecraft
with the weak-booster model. A parameter optimization algorithm
is used to iterate on the unknown parameters to minimize the cost
function. A minimum is found when the terms of the cost gradient
vectorare near zero and the Hessian matrix of the objective function
is positive definite. The algorithm used in this study is the variable
metric algorithm for unconstrained and constrained parameter op-
timization found in the routine VF13AD of the Harwell Subroutine
Library.’

The circularRTBP is used to approximatethe motion of spacecraft
about the sun-Earth-moon system. The numerical parameters for

Table1 Sun-Earth-moon system RTBP parameters
(International Astronautical Union, 1976)

Parameter Symbol Value Units

Sun gravitational parameter Gmg 1.32712438 x 10% m?/s?

Earth 4+ moon gravitational Gm, 4.03503294 x 104 m?/s?
parameter

Distance unit (1 AU) a 1.49597870 x 10'! m

Mean motion (calculated) n 1.99098670 x 1077 rad/s

RTBP mass ratio (calculated) "w 3.04042389 x 107°

Table 2 Initial and final orbit parameters for multiple-spacecraft
transfer examples

Orbit Description X0, km Yo, m/s T,, days
Initial, O° DRO 500,000 814.955 47.2921
Final, 0/ DRO 5,000,000 —2014.914 345.9780

Table 3 Booster and spacecraft parameters
for weak-booster example

Parameter Value
Booster initial mass 1000 kg
Booster burnout mass 850 kg
Booster specific impulse 300 s
Spacecraft initial mass (each) 1000 kg
Spacecraft specific impulse (each) 500 s

this RTBP system are givenin Table 1. The initial orbit and the final
orbits are simple periodic distant retrograde orbits (DROs) about
the Earth-moon system. In these examples, motion is confined to
the (x, y) plane, which for the sun-Earth-moon RTBP model is the
eclipticplane. This assumption primarily simplifies the presentation
of the results even though the formulation discussed in this analysis
allows for motion in three dimensions. The parameters for the initial
and the final orbits are given in Table 2.

Transfer Example for the Weak-Booster Case

The optimal transfer solution for three spacecraftbetween DROs
without the aid of a booster has been solved.! With the aid of a
booster with a propellant constraint, it is anticipated that the final
spacecraft masses on the final orbit will be greater than without the
aid of the booster. The booster and the spacecraft parameters for
this example are listed in Table 3. The booster parameters for this
case were chosen to produce a transfer that would illustrate clearly
the geometry of this type of transfer for the given orbits, and hence
they do not necessarily correspond to a particular set of booster
parametersforexistingupperstages. The spacingrequirementon the
final orbitis 10% of the final orbit’s time period, namely At = 0.1.

The results and the parameters for the nominal and the optimal
transfer are given in Table 4. In this and other tables, the departure
and the arrival points are given as fractions of the initial, intermedi-
ate, and final orbit periods, which have been normalized to unity, and
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Fig.1 Optimal transfer for the weak-booster case.

Table 4 Results for the weak-booster transfer case

Spacecraft separation, At = 0.1 Symbol Nominal Optimal Units
Booster departure point 7 1.5000 1.1297 Fraction 0 period
Departure Av slack variable a 1.5700 1.5792 e
Departure Av ascension angle o 0.00 4.90 deg
Departure Av declination angle B 0.00 —-0.34 deg

SC-A departure point T 1.0000 1.6733 Fraction O™ period
SC-B departure point 7 1.0000 1.6625 Fraction O™ period
SC-C departure point A 1.0000 1.6469 Fraction O™ period
SC-A flight time TA 50.00 311.71 Days

SC-B flight time T8 50.00 205.54 Days

SC-C flight time T¢ 50.00 216.01 Days

SC-A arrival point r;* 0.6000 1.1555 Fraction O/ period
SC-A maneuver magnitude AvA 2680.18 486.95 m/s

SC-B maneuver magnitude AvB 3525.15 425.17 m/s

SC-C maneuver magnitude AvC 4219.04 620.65 m/s

Total maneuver magnitude AvT 10425.19 1532.77 m/s

SC-A final mass m? 578.91 905.46 kg

SC-B final mass m;i 487.27 916.94 kg

SC-C final mass m? 422.97 881.11 kg
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Table 5 Results for the strong-booster transfer case
Spacecraft separation, At = 0.1 Symbol Nominal Optimal Units
Booster departure point 7 1.1400 0.5621 Fraction 0 period
Booster SC-A transfer time T4 300.00 205.91 Days
Booster SC-A arrival point rfA 1.0000 0.9412 Fraction O/ period
SC-B departure point A 0.9000 0.5042 Fraction O™ period
SC-C departure point 7€ 0.9000 1.0159 Fraction O™ period
SC-B flight time T8 30.00 310.78 Days
SC-C flight time T¢ 30.00 180.06 Days
SC-A maneuver magnitude AvA 680.66 136.42 m/s
SC-B maneuver magnitude AvB 4890.00 318.61 m/s
SC-C maneuver magnitude AvC 4270.66 267.53 m/s
Total maneuver magnitude AvT 9841.14 722.58 m/s
SC-A final mass m? 870.39 972.56 kg
SC-B final mass m;i 368.88 937.09 kg
SC-C final mass m? 418.54 946.90 kg
20 Table 6 Orbit parameters for the MSIC transfer
y
Orbit Description X0, km Yo, /s T,, days
115 Initial, O° LEO 6,659.053 7,782.823 0.0622
Final, 0/ DRO 5,000,000 —2,014.914  345.9780
410
720,
+5
x +15
-20 -15 -10 10 15 20
r T T T T 1
410
+5
X
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f f } t t i
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Lo
Fig. 2 Optimal transfer for the strong-booster case. T-10
zero is the epoch at which the initial conditions are specified. The 115
. L e . . . —a—SC-A
optimal transfer solution is shown in Fig. 1. An interesting result is SC-B
that the booster places the spacecrafton a trajectory that has a close anits: 1 million km —_a SC-C
Earth flyby. The departure maneuvers for each of the spacecraftoc- 1.9

cur near perigee at different locations and hence these are powered
Earth flybys. For this particularexample, the cost decreased sharply
from the nominal toward the optimal solution. However, near the
minimum further iterations failed to decrease the cost and the iter-
ation process was terminated. The cost became insensitive to some
of the parameters and in fact, the departure Av declination angle
B was nonzero but small at the time the iterations were terminated.
Had this transfer been constrained or modeled strictly as a planar
transfer, 8 would have been zero.

Transfer Example for the Strong-Booster Case

The algorithm for the strong-boostercase is used to compute the
transfer for three spacecraft between the terminal orbits. For this
case, the booster parameters are not required until after a solution is
obtained in order to determine the class of booster that is required
for the transfer.

The results and the parameters for the nominal and the optimal
transfer are given in Table 5. The conditions that generate the nom-
inal transfer are chosen such that the first spacecraft arrives on the
final orbit at the intersection with the positive x axis; the remain-
ing two spacecraft are required to depart the injection orbit some
time before that. The optimal solution is shown in Fig. 2. Note that
spacecraft A performs only one maneuver, namely the orbit inser-

Fig. 3 Optimal transfer for a MSIC.

tion maneuver in which the booster transfer trajectory intersects the
final orbit. As anticipated, this case yields the highest values for the
final masses of the individual spacecraft.

Transfers for a Multiple-Spacecraft
Interferometer Constellation

This section presents the low Earth orbit (LEO)-DRO transfer of
a three-spacecraft constellation required to be spaced out equally
in time along a DRO about the Earth-moon system. There are a
couple of space physics missions that are considering the use of
multiple spacecraft to serve as an interferometer for the detection
of gravity waves.!”!! The example transfer presented here is sim-
ilar to that required by the mission discussed by Hellings et al.'®
except that the final orbit in this case is the same DRO discussed
in all of the preceding examples. This example is referred to as
a multiple-spacecraftinterferometer constellation (MSIC) transfer.
The parameters describing the two terminal orbits are listed in Ta-
ble 6. The initial spacecraft masses are 1000 kg, and the specific
impulse for each is 500 s. To approximate and simulate the injec-
tion conditions from LEO, an approximate launch model used by
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Table 7 MSIC strong-booster transfer results

Spacecraft separation, At = % Symbol Nominal Optimal Units
Booster departure point 70 0.9750 0.9756 Fraction 0 period
Booster SC-A transfer time T4 300.00 110.19 Days
Booster SC-A arrival point r}* 1.0000 0.6608 Fraction O/ period
SC-B departure point 8 1.1000 0.8938 Fraction O™ period
SC-C departure point ¢ 1.1000 0.6005 Fraction O™ period
SC-B flight time T8 100.00 192.16 Days

SC-C flight time T¢ 100.00 181.40 Days

SC-A maneuver magnitude AvA 750.77 740.58 m/s

SC-B maneuver magnitude AP 1808.11 700.74 m/s

SC-C maneuver magnitude AvC 2787.31 564.17 m/s

Total maneuver magnitude AvT 5384.12 2005.48 m/s

SC-A final mass m]/? 858.03 859.82 kg

SC-B final mass m;i 691.60 866.83 kg

SC-C final mass m? 566.40 891.31 kg

Pu and Edelbaum'? is used in this study. A 200-km circular parking
orbit about the Earth is approximated by assuming a circular park-
ing orbit about the Earth + moon mass at an altitude at which the
inertial circular orbit velocity is equal to the circular orbit veloc-
ity of the original 200-km circular orbit about the Earth alone. The
spacing requirement is to space the three spacecraft evenly along
the periodic orbit so that At = %

If an upper stage is used to provide injection maneuver from
LEO and the Avy,,, capability of the booster is unconstrained, then
the strong-booster case is the case that maximizes the spacecrafts’
final mass on orbit. The results and parameters for the nominal and
the optimal transfers are given in Table 7. The nominal transfer
is selected by having the first spacecraft arrive on the DRO at the
intersection with the positive x axis and the remaining spacecraft
depart the injection orbit some time after that. The optimal solution
is shown in Fig. 3. As expected, there is a large improvementon the
final mass placed on orbit for each of the spacecraft.It is interesting
to note that even though the first spacecraft (SC-A) performs only
one maneuver, the magnitude of this maneuver is larger than the
sum of the two maneuvers made by either SC-B or SC-C.

Conclusions

The weak- and the strong-boostercases of the multiple-spacecraft
transfer problem have been presented. For a cost function that is
taken to be the sum of all of the impulsive maneuvers made by
all of the spacecraft and including the booster injection parameters
as independent parameters, the differential of the cost was derived
with primer vector theory. This provides analytical cost gradient
equations that can be used in an unconstrained parameter optimiza-
tion algorithm to obtain transfer solutions for n spacecraft equally
spaced in time along a final orbit. In the current study, it may be
possible to improve the overall performance of the transfer if more
than two maneuvers are allowed per spacecraft. The formulation
allows the addition of a further set of parameters to determine if
intermediate impulses can lower the transfer cost for some or all
of the spacecraft. Such a set would consist of positions and times
for intermediate impulses, and the variation of the cost with respect
to perturbations in these parameters can be derived from the same
procedure presented here.

For the class of orbits used in the first example, the weak- and the
strong-booster cases resulted in a transfer involving a close Earth
flyby for all three spacecraft. The Av costs for each of the three
spacecraft were significantly different for both cases, and, as ex-

pected, the overall costs were higher for the weak-booster case.
These equations and their implementationin a parameter optimiza-
tion algorithm can be used to compute transfer strategies efficiently
for multiple spacecraft launched on the same booster for which all
spacecraft are targeted to be spaced along the same final orbit.
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