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Multiple-Spacecraft Orbit Transfer Problem:
Weak-Booster and Strong-Booster Cases

Cesar A. Ocampo¤ and George W. Rosborough†

University of Colorado, Boulder, Colorado 80309

Primer vector theory, in combination with a parameter optimization algorithm, is used to compute the optimal
transfer of n spacecraft from an initial parking orbit to a � nal operational orbit with the added constraint that all
spacecraft are injected from the parking orbit on one upper-stage booster and that all are required to be spaced
along the � nal orbit according to some prescribed, but otherwise arbitrary, spacing constraint between individual
spacecraft. Two particular cases of the problem, known as the weak- and the strong-booster cases, are examined. In
the weak-booster case, the booster provides the departure maneuver from parking orbit, but because of a booster
propellent constraint, its trajectory does not reach the � nal orbit, requiring that all spacecraft make at least two
maneuvers to complete the transfer. For the strong-booster case, the booster departure maneuver is unconstrained
in magnitude, implying that at least one of the spacecraft can complete the transfer with a single maneuver because
the transfer trajectory can reach the � nal orbit. The solution is formulated for a general force � eld, and examples
are given for a three-spacecraft constellation transfer in the restricted three-body problem force-� eld model.

Introduction

T HE current study is a continuation of previous results1 that
deal with computingand optimizingtransfersolutions for mul-

tiple spacecraft. The problem has been termed the single-booster
multiple-spacecraft transfer problem and is subdivided into three
distinct cases: no booster, weak booster, and strong booster.

Case I, no booster: This case considers the transfer of n space-
craft between two arbitrary orbits without the aid of an upper-stage
booster. All of the spacecraft move from the initial orbit O0 to the
� nal orbit O f , subject to the � nal spacingconstraint,and the booster
does nothing.

Case II, weak booster: In this case, all spacecraft are injected
onto an intermediate transfer orbit Om with the aid of an upper
stage booster. After injection, all spacecraft perform the number of
impulses required for moving from the transfer orbit to the � nal
mission orbit. The primary assumption for this case is that the in-
termediate trajectory does not intersect the � nal orbit, and thus all
spacecraft are required to perform at least two maneuvers to com-
plete the transfer. This case results when a propellant constraint is
imposed on the booster, thus bounding the maximum injection 1v
capability for a given payload. As a consequence, the transfer or-
bit may not reach the � nal orbit and hence the designation as the
weak-booster case. This case is used when the upper-stage booster
parameters are � xed and it is required to determine the optimal
conditions for the transfer of the n spacecraft by using their own
dedicated propulsion systems to move from Om to O f .

Case III, strong booster: This case is similar to case II without
the booster propellant constraint, therefore making it possible for
the booster transfer orbit to intersect the � nal orbit at least once, so
that at least one spacecraft can complete the transfer with a single
impulse. If the injection orbit intersects the � nal orbit more than
once, as is the case if it is periodic, for example, then it may even be
possible for all spacecraft to perform a single impulse to complete
the transfer. This case is used when it is desired to size the upper-
stage booster for a given payload of n spacecraft. In this case, the
booster and the � rst spacecraft move from O0 to O f by means of
Om and the remaining spacecraft move from Om to O f .
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Cases II and III are treated in this paper.A cost is de� ned, and the
differential of the cost is derived in the form of a cost gradient such
that the coef� cients of the independent variations are the elements
of the gradient vector for an unconstrainedoptimization algorithm.
Further examinationof each coef� cient provides information about
the conditions that must be satis� ed on a stationary solution to the
transfer problem. The value and the sign of these coef� cients also
provide information on how a nominal solution can be improved at
least to � rst orderby a slight adjustmentof the independentvariables
in the right direction.

The solution to this problem is needed for the optimization of
future satellite constellation transfer problems. Although the ex-
amples assume a restricted three-body problem (RTBT) force-� eld
model,2 these can be extended and applied to any force � eld for
which the solution to this problem is required. The classes of orbits
used in the numerical examples are known as distant Earth orbits,
which are ideal orbits for future astronomical satellites.3 The appli-
cation of primer vector theory to the development of the necessary
conditions for optimal impulsive orbit transfers between RTBP tra-
jectories and, in particular, distant Earth orbits has been examined
in a recent study.3 In general, the use of primer vector theory for
impulsive and � nite burn maneuvers has been examined and doc-
umented extensively in the literature,4¡8 and these results form the
basis of the current study.

Case II: The Weak-Booster Case
The weak-booster case considers the injection of n spacecraft

into an intermediate orbit that does not intersect the � nal target
orbit. This is the case when the 1v0 max capability of the booster is
boundedbecauseof a propellantconstraintand the resultingtransfer
orbit cannot reach the � nal orbit. The booster and the n spacecraft
are initially on the orbit denoted by O0. The intermediate transfer
orbit is referred to as Om and all n spacecraft then perform the
required maneuvers to move from Om to O f . The initial payload
(the n spacecraft) on O0 is speci� ed, as are the characteristicsof the
booster stage.

For a given booster and payload mass, the maximum 1v capa-
bility available from the booster injection maneuver is given by

1v0 max D cB

³
mpayload C mstage C mfuel

mpayload C m stage

´

where cB is the booster engine exhaust velocity,m stage is the booster
stage mass, mfuel is the booster propellant mass, and mpayload is the
payload mass given by the n spacecraft:

mpayload D nm i
0
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where m i
0 refer to the initial individual spacecraft masses including

their own dedicated fuel and propulsion system masses. This is
equivalent to the spacecraft’s separated mass. The booster injection
maneuver,describedby thedeparturelocationfrom O0 and the three
components of 1v0, is included in the overall optimizationprocess.
The cost of the boost maneuver in terms of propellant consumed
does not form part of the cost function. However, the cost in terms
of the total 1v of the n spacecraft will depend on the parameters
that de� ne this maneuver. The cost function is given by

J D min
n

i D 1

1vi (1)

where 1vi is the sum of the two maneuvers for each spacecraft.The
optimization parameters are

zT D ¿0 1v0 ¿ 1
m ¢ ¢ ¢ ¿ n

m ; T 1 ¢ ¢ ¢ T n ; ¿ 1
f

where ¿0 is the locationon O0 where the maneuver is applied,1v0 is
composed of the ijk components of the booster injection maneuver,
¿ i

m is the locationon Om fromwhich the individualspacecraftdepart,
T i is the time of � ight for each spacecraft between the departure
maneuver from Om and the arrival maneuver on O f , and ¿ 1 is the
arrival point of spacecraft 1 on O f .

The injection maneuver is represented more conveniently in a
frame that moves and rotates with the spacecraft. One convenient
frame is the v̂ûŵ frame de� ned by the basis vectors,

Ov ´ v
jvj ; Ow ´ .r £ v/

jr £ vj ; û ´ ŵ £ v̂

This represents a vehicle centered osculating frame to which the
angular direction of the maneuvers are referred. If 1v0; ®, and ¯
are speci� ed then

1v0
0 D

1v0
0x

1v0
0y

1v 0
0z

D
1v0 cos ® cos ¯

1v0 sin® cos ¯

1v0 sin ¯

where the prime symbol denotes quantities referred to in the Ov Ou Ow
frame. Here, ® is the right ascension of the 1v vector in the Ov– Ou
plane and ¯ is the declination measured relative to the same plane.
The ijk componentsof the maneuver are then determined by means
of the transformation

1v0 D R1v0
0

where R is the direction cosine matrix of the vuw ! ijk transfor-
mation and is given by

R D

&
$

i ¢ Ov0 i ¢ Ou0 i ¢ Ow0

j ¢ Ov0 j ¢ Ou0 j ¢ Ow0

k ¢ Ov0 k ¢ Ou0 k ¢ Ow0

’
%

The magnitudeof the injectionmaneuver is boundedby the inequal-
ity constraint,

0 · 1v0 · 1v0 max

This constraint is removed when a slack variable a is introduced
such that

1v0 D 1v0 max sin2 a

where a is unbounded. In this way, the transformed vector of opti-
mization parameters is given by

zT D ¿0 a ® ¯; ¿ 1
m ¢ ¢ ¢ ¿ n

m; T 1 ¢ ¢ ¢ T n; ¿ 1
f

resulting in a 2n C 5 dimensional parameter optimization problem.
Note that all of the boundaryconditionsand constraintsare satis� ed
at each value of z so that from an optimization algorithm point
of view, the problem is unconstrained. This is because all of the

required intermediate solutions of the Lambert problem are solved
at each iteration.

The developmentof the cost gradient follows the same procedure
as that required for the no-booster case1 except that a modi� cation
is required for accounting for the fact that the intermediate transfer
orbit Om is not � xed because it depends on the variables that de� ne
the initial injectionmaneuver and location.The minimizationof the
characteristicvelocity for transferring spacecraft i from Om to O f

by means of two impulses requires minimizing the cost function
given by

J i D 1vm C 1v f

The total cost for the n spacecraft is

J D
n

i D 1

J i

For spacecraft i , when the components of the initial and the � nal
maneuvers are treated as independent arguments of J i , the differ-
ential of J i is

dJ i D @1vm

@1vm
d.1vm / C @1v f

@1v f
d.1v f /

D
1vT

m

1vm
dvC

m ¡ dv¡
m C

1vT
f

1v f
dvC

f ¡ dv¡
f

where the ¡ and the C signs indicate quantities before and after an
impulse time, respectively.It can be shown that the generalizedcost
gradient for spacecraft i is3

dJ i D PpT
m C pT

m H ±r¡
m ¡ pT

m ±v¡
m C H ¡

m d¿m C H dT C H C
f d¿ f

(2)

where p is the primer vector, Pp is the primer rate, and H is the
Hamiltonian given by

H D PpT v ¡ pT g

where v is the velocity and g is the gravitational force-� eld vector.
Subscripts denote the times at which these values are evaluated,
where m corresponds to tm and f corresponds to t f . The term in
brackets is referred to as the adjoint equation for a system with
velocity-dependentterms and is required because the intermediate
orbit Om changes as a result of perturbations in both 1v0 and d¿0,
which in turn introduce the nonzero perturbations ±r¡

m and ±v¡
m at

tm on Om . If Om remains � xed, then this term is zero and the cost
gradient is the same as that for the standard orbit transfer problem.
Here ±r¡

m and ±v¡
m are contemporaneousposition and velocity per-

turbations, respectively, before the initial spacecraft maneuver on
Om . These are related to the state variations along Om by means of
the 6 £ 6 state transition matrix 8.tm; t0/, evaluated along this orbit
from t0 to tm :

±x¡
m D 8.tm; t0/±xC

0 ;

³
±r¡

m

±v¡
m

´
D

811 812

821 822 .tm ;t0 /

³
±rC

0

±vC
0

´

Solving for ±r¡
m and ±v¡

m and inserting into the expression for d J i

yields,

dJ i D PqT
m 811±rC

0 C 812±vC
0 ¡ p¡

m 821±rC
0 C 822±vC

0

C H ¡
m d¿m C H dT C H C

f d¿ f (3)

D PqT
m 811 ¡ p¡

m821 ±rC
0 C PqT

m812 ¡ pT
m 822 ±vC

0

C H ¡
m d¿m C H dT C H C

f d¿ f (4)

where

PqT
m ´ PpT

m C pT
m H
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At the injection point the position and the velocity time-free varia-
tions (noncontemporaneousperturbations) are given by

drC
0 D ±rC

0 C vC
0 dt0; dr¡

0 D ±r¡
0 C v¡

0 d¿0

dvC
0 D ±vC

0 C f C
0 dt0; dv¡

0 D ±v¡
0 C f ¡

0 d¿0

where f¡
0 and f C

0 are the vector force � elds before and after the
injection point, respectively.Because the initial orbit O0 is � xed,

±r¡
0 D 0; ±v¡

0 D 0

Continuity of the position and the vector � eld across the injection
impulse requires that

dr¡
0 D drC

0 D dr0; f¡
0 D fC

0 D f0

so that

±rC
0 D v¡

0 d¿0 ¡ vC
0 dt0

±vC
0 D f ¡

0 d¿0 ¡ fC
0 dt0 C dvC

0 ¡ dv¡
0

D f ¡
0 d¿0 ¡ fC

0 dt0 C d.1v0/

Fixing the initial time so that dt0 D 0 results in

±rC
0 D v¡

0 d¿0; ±vC
0 D f ¡

0 d¿0 C d.1v0/

and it remains to determine d.1v0/ as a function of the variations
of the parameters used to describe 1v0 . If the components used to
specify the injection maneuver are grouped as

b0T D .a ® ¯/

then the differential of the injection maneuver is

d.1v0/ D @1v0

@1v0
0

@1v0
0

@b0 d.b0/ C @1v0

@¿0
d¿0

D R
@1v0

0

@b0 d.b0/ C
³

@1v0

@r¡
0

@r¡
0

@¿0
d¿0 C @1v0

@v¡
0

@v¡
0

@¿0
d¿0

´

D R
@1v0

0

@b0 d.b0/ C
³

@1v0

@r¡
0

v¡
0 C @1v0

@v¡
0

g¡
0

´
d¿0

Note that the variationwith respect to ¿0 is requiredbecause the vuw
frame in which b0 is de� ned is dependent on the state at t0 and the
location on O0 given by ¿0 , i.e., a perturbation in ¿0 will produce
an independent perturbation in 1v0 . The gradients of the injection
maneuverwith respectto the positionand the velocityvectorsbefore
the injection maneuver are given by

@1v0

@r¡
0

D @ R

@r¡
0

1v0
0

D
³

@ Ov
@r¡

0

1v¡
0

@ Ou
@r¡

0

1v¡
0

@ Ow
@r¡

0

1v¡
0

´

3 £ 3

@1v0

@v¡
0

D @ R

@v¡
0

1v0
0

D
³

@ Ov
@v¡

0

1v¡
0

@ Ou
@v¡

0

1v¡
0

@ Ow
@v¡

0

1v¡
0

´

3 £ 3

Recalling the de� nition of the unit vectors of the vuw frame, Ov ´
v=v; Ow D Or £ Ov, and Ou D Ow £ Ov, where Or ´ r=r , we � nd that the

gradientsof theseunit vectorswith respect to the state vector .r0; v0/
at t¡

0 are

@ Ov
@r¡

0

D 0;
@ Ov
@v¡

0

D NV ;
@ Ou
@r¡

0

D . NR £ Ov/ £ Ov

@ Ou
@v¡

0

D .Or £ NV / £ Ov C .Or £ Ov/ £ NV

@ Ow
@r¡

0

D NR £ Ov;
@ Ow
@v¡

0

D Or £ NV

where

NR ´ .1=jrj/.I ¡ OrOrT
/; NV ´ .1=jvj/.I ¡ OvOvT /

and I is a 3 £ 3 identity matrix. Note also that both a matrix–vector
cross productand a vector–matrix crossproducthavebeen used.For
example, the matrix–vector product operation for a 3 £ 3 matrix L
and a 3 £ 1 vector k is given by

L £ k ´ .l 1 £ k/3 £ 1 .l 2 £ k/3 £ 1 .l 3 £ k/3 £ 1 3 £ 3

where l i is the i th column of L . The product L £ k is thus a 3 £ 3
matrix whose columns are the vectors that result from the cross
products of the columns of L and the vector k. The vector–matrix
product is de� ned in an analogousway, except that the order of the
cross-product terms is reversed:

k £ L ´ .k £ l1/3 £ 1 .k £ l 2/3 £ 1 .k £ l 3/3 £ 1 3 £ 3

In terms of ¿0 and b0, the velocity perturbation after the injection
maneuver is given by

±vC
0 D @1v0

@r¡
0

v¡
0 C

³
I C @1v0

@v¡
0

´
g¡

0 d¿0 C R
@1v0

0

@b0 db0

where

@1v0
0

@b0
D

&

666666$

@1v0x

@a
cos ® cos ¯ ¡1v0 sin ® cos ¯ ¡1v0 cos ® sin ¯

@1v0x

@a
sin® cos ¯ 1v0 cos ® cos¯ ¡1v0 sin ® sin ¯

@1v0x

@a
sin ¯ 0 1v0 cos ¯

’

777777%

@1v0x

@a
D 21v0 max sina cos a

In terms of the injectionmaneuvervariationsdb0, the departurepoint
on Om , the transfer time between Om and O f , and the arrival point
of O f , the cost gradient for each spacecraft i is now given by

dJ i D C @ J i

@¿0
d¿0 C @ J i

@b0 db0 C H ¡
m d¿m C H dT C H C

f d¿ f

.i D 1; : : : ; n/

If the following two quantities are de� ned,

m ´ PqT
m811 ¡ pT

m 821 ; n ´ PqT
m812 ¡ pT

m822

then

@ J i

@¿0
D mv¡

0 C n
@1v0

@r¡
0

v¡
0 C

³
I C @1v0

@v¡
0

´
f ¡
0

@ J i

@b0
D nR

@1v0
0

@b0
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Generalizing the result to n spacecraft requires setting

n

i D 1

@ J i

@¿0
D

n

i D1

mi v¡
0

C
n

i D 1

ni @1v0

@r¡
0

v¡
0 C

³
I C @1v0

@v¡
0

´
f ¡
0

n

i D 1

@ J i

@b0
D

n

i D 1

ni R
@1v0

0

@b0

Finally, when the differentials of the � nal arrival-point constraints
are eliminated, the differentialof the cost for the weak-boostercase
is given by

dJ D CTp0

n

i D 1

mi v¡
0

C
n

i D 1

ni @1v0

@r¡
0

v¡
0 C

³
I C @1v0

@v¡
0

´
f ¡
0 d¿0

C
n

i D 1

ni R
@1v0

0

@b0

da

d®

d¯

C Tpm H ¡1
m C

n

i D 2

H Ci
f d¿ 1

m

C Tpm

n

i D 2

H ¡i
m ¡ H Ci

f d¿ i
m C H 1 C

n

i D 2

H Ci
f dT 1

C
n

i D 2

H i ¡ H Ci
f dT i ¡ Tp f

n

i D 1

H Ci
f d¿ 1

f (5)

The coef� cients of the variations in the independentparameters are
then used to form the gradient vector in an unconstrainedparameter
optimizationalgorithm. For each value of the parameter vector, the
booster maneuver is made and the intermediate orbit Om is com-
puted. Then a series of generalized Lambert problems is solved for
each spacecraft between the departure point on Om and the arrival
point on O f .

The departure location on Om for each spacecraft is given by ¿ i
m .

An additionalconstraintthatmay be neededand has not beenused is
that ¿ i

m ¸ 0. This simply means that the departure points on Om for
each individual spacecraft must occur after the booster maneuver,
because otherwise the departure points would be unde� ned. These
inequality constraints can be removed when a real vector of slack
variables d i is introduced such that

.d i /2 ¡ ¿ i
m D 0 .i D 1; : : : ; n/

The implementationof these constraintsis requiredonly in the event
that the algorithm is converging to negative values of ¿ i

m .

Case III: The Strong-Booster Case
If a boosterpropellantconstraintis not imposed, then it is possible

for the transfer orbit to reachand thus intersect the � nal orbit at least
once. In this case, it is possiblefor at least one spacecraftto complete
the transfer by performing only one maneuver. If the transfer orbit
intersects the � nal orbit more than once, it may even be possible
for the other spacecraft to perform only one maneuver to complete
the transfer as well. This occurrencewould, however, dependon the
synodic periods related to the initial orbit, the intermediate transfer
orbit, and the � nal orbit. In general, however, it can be assumed
that one spacecraft performs a single maneuver, whereas the other
spacecraft perform the required number of maneuvers to complete
a feasible transfer.

The objective is to minimize the total sum of all of the veloc-
ity impulse magnitudes made by all of the spacecraft; the velocity
magnitude of the booster maneuver is not part of the cost function,

but the parameters that de� ne the boost maneuver are used as part
of the optimization variables. With this, the cost function is

J D
n

i D 1

1vi
T

where 1vi
T is the sum of the magnitudesof the maneuvers made by

spacecraft i :

1vi
T D

m

j D 1

1v j

and m is the numberof maneuvers assumed for the particular space-
craft. For simplicity, it will be assumed that spacecraft 2 to n will
perform at most two maneuvers; spacecraft 1 makes only one ma-
neuver, as the booster trajectory is on a path that intersects the � nal
orbit. The set of optimization variables is then given by the param-
eter vector,

zT D ¿ B
0 T 1 ¿ 1

f ; ¿ 2
m ¿ 3

m ¢ ¢ ¢ ¿ n
m ; T 2 T 3 ¢ ¢ ¢ T n

where ¿ B
0 represents the departure point for the booster on orbit O0,

T 1 is the transfer time between the booster maneuver at ¿ B
0 and

spacecraft 1’s maneuver at location ¿ 1
f on O f . The booster trajec-

tory and spacecraft 1’s trajectory are the same by de� nition, and
this will be referred to as the intermediate orbit Om . The quanti-
ties ¿ i

m .i D 2; : : : ; n/ represent the departure points for spacecraft
2; : : : ; n from Om . The quantities T i .i D 2; : : : ; n/ are the transfer
times for each spacecraft between the departure maneuver on Om

and the arrival maneuver on O f . The quantities ¿ i
f .i D 2; : : : ; n/

represent the arrival locations on the � nal orbit for each spacecraft.
These quantities are not independent,as they are constrainedby the
spacing constraint. The n ¡ 1 spacing constraints for this case are
given by

¿
j
f D ¿ 1

f C
Tpm

Tp f
¿ j

m C 1
Tp f

.T j ¡ T 1/ C . j ¡ 1/1¿

j D 2; : : : ; n (6)

where Tpm and Tp f are characteristic time-length units on the in-
termediate and the � nal orbits, respectively, which are taken to be
the time periods of the orbits if they are periodic. If the orbits are
not periodic, then some suitable time span encompassing the orbit
arc can be used. The parameter 1¿ is the required spacing between
spacecraft.Note that the booster injectionmaneuver on O0 is deter-
mined uniquely by means of a solution to the generalized Lambert
problem de� ned by ¿ B

0 ; T 1 , and ¿ 1
f , and these replace the standard

injection parameters 1v0; ®, and ¯ in the parameter vector.
The cost gradient for spacecraft 1 is equivalent to the differential

cost function of transferringa single spacecraft from O0 to O f , for
which the departuremaneuver cost is unimportantand thereforenot
included in the cost function. Note that it is the booster that makes
this maneuver so that this transfer is the same for the booster and
spacecraft 1. For spacecraft 1, dJ is given by

dJ 1 D H ¡
0 Tp0 d¿0 C H dT ¡ H C

f Tp f d¿ f

where H is the Hamiltonian:

H D PpT v ¡ pT g

where Pp is the primer rate vector, p is the primer vector, v is the
velocity, and g is the gravitationalforce-� eld vector. The subscripts
on H denotewhere it is evaluated:H ¡

0 is evaluatedon the initialorbit
before the departure maneuver, H is evaluated along the transfer
after the departure maneuver, and H ¡

f is evaluated on the � nal orbit
after the � nal maneuver. The boundary conditions on the primer
vector are given by the following necessary conditions3:

p0 D 0; p f D 1v f =1v f
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For the remaining n ¡ 1 spacecraft, the cost gradient for each is
given by

dJ i D PpT
m C pT

m H ±r¡
m ¡ pT

m±v¡
m C H ¡

m Tpm d¿m

C H dT C H C
f Tp f d¿ f (7)

where the subscriptm refers to the time index at ¿m , which is the de-
parture point on Om . Because the remaining spacecraft are required
to transfer from Om to O f , the boundary conditions on the primer
vector associated with each of these are

pi
m D 1vm =1vm; pi

f D 1v f =1v f .i D 2; : : : ; n/

The total differential of the cost function is then given by

dJ D dJ 1 C
n

i D 2

dJ i

where it is noted that part of the optimization variables [the � nal
arrival points ¿ i

f .i D 2; : : : ; n/] are not independent. The d¿ i
f .i D

2; : : : ; n/ are removed by means of the differentials of the � nal
point spacing constraints:

d¿ i
f D d¿ 1

f C
Tpm

Tp f
d¿ i

m C 1
Tp f

.dT i ¡ dT 1/ i D 2; : : : ; n

The expression for the adjoint equation at the point of departure on
Om associated with spacecrafts 2; : : : ; n is

PpT
m C pT

m H ±r¡
m ¡ pT

m ±v¡
m

i

These are dependent on the three parameters used to de� ne the
booster intermediate orbit, which is the same orbit for spacecraft 1
and will be referred to by ¿0; T ; ¿ f , where

¿0 D ¿ B
0 ; T D T 1; ¿ f D ¿ 1

f

It can be shown that the adjoint equation for spacecrafts 2; : : : ; n
can be related to a perturbation in ¿0; T; ¿ f as follows. On O0, the
time-free position and velocity perturbationsat the departure point
are

dr¡
0 D ±r¡

0 C v¡
0 d¿0; drC

0 D ±rC
0 C vC

0 dt0

dv¡
0 D ±v¡

0 C f ¡
0 d¿0; dvC

0 D ±vC
0 C fC

0 dt0

where f is thevector� eld.For theRTBP force-� eldmodel the vector
� eld can be split between two components that depend exclusively
on r and v, i.e., f D g.r/ C h.v/. Since both the initial orbit and the
initial time index are � xed,

±r¡
0 D ±v¡

0 D 0; dt0 D 0

then

dr¡
0 D v¡

0 d¿0; drC
0 D ±rC

0 ; dv¡
0 D f ¡

0 d¿0; dvC
0 D ±vC

0

because the time-free position perturbations are equivalent, i.e.,
dr¡

0 D drC
0 D dr0; then

±rC
0 D v¡

0 d¿0 (8)

At the arrival point, these perturbations take the form

dr¡
f D ±r¡

f C v¡
f dt f ; drC

f D ±rC
f C vC

f d¿ f

dv¡
f D ±v¡

f C f ¡
f dt f ; dvC

f D ±vC
f C f C

f d¿ f

The � nal orbit is � xed, but the � nal time or the transfer time is not,
so that

dr¡
f D ±r¡

f C v¡
f dt f ; drC

f D vC
f d¿ f

dv¡
f D ±v¡

f C f¡
f dt f ; dvC

f D f C
f d¿ f

Equating the � nal position perturbationsand setting t f D T yield

±r¡
f D vC

f d¿ f ¡ v¡
f dT

The � nal position and velocity perturbationsare also related to the
initial position and velocity perturbations by means of the state-
transition matrix evaluated from t0 to t f :

³
±r¡

f

±v¡
f

´
D

811 812

821 822 .t f ;t0 /

³
±rC

0

±vC
0

´

from which

±vC
0 D 8

f 0
12

¡1
±r¡

f ¡ 8
f 0
11 ±rC

0

where

8ab
mn ´ 8mn.ta ; tb/

Substituting the expressions for ±rC
0 and ±r¡

f into the expression for
±vC

0 results in

±vC
0 D ¡ 8

f 0
12

¡1
8

f 0
11 v¡

0 d¿0 ¡ 8
f 0
12

¡1
v¡

f dT

C 8
f 0
12

¡1
vC

f d¿ f (9)

so that � nally both ±rC
0 and ±vC

0 have been expressedas functionsof
d¿0; dT , and d¿ f . The position and the velocity perturbationsat tm

for spacecrafts 2; : : : ; n are also related to the perturbationsat t0:
³

±r¡
m

±v¡
m

´
D

811 812

821 822 .tm ;t0 /

³
±rC

0

±vC
0

´

When this expressionis used along with the expressionsfor ±rC
0 and

±vC
0 , it can be shown that

PqT
m±r¡

m ¡ pT
m ±v¡

m

i D C m ¡ n 8
f 0
12

¡1
8

f 0
11

i

v¡
0 d¿0

¡ n 8
f 0
12

¡1 i

v¡
f dT C n 8

f 0
12

¡1 i

vC
f d¿ f

.i D 2; : : : ; n/

where

mi ´ Pq>
m 811 ¡ pT

m821
i
; ni ´ PqT

m 812 ¡ pT
m822

i

When these last results are used and the dependent variations
d¿ i

f .i D 2; : : : ; n/ are eliminated, the differential of the cost for
the strong-boostercase is given by

dJ D CTp0 H ¡1

0 C
n

i D 2

m ¡ n 8
f 0
12

¡1
8

f 0
11

1

d¿ B
0

C H 1 ¡
n

i D 2

H Ci
f ¡

n

j D 2

n 8
f 0
12

¡1 j

v¡
f dT 1

¡ Tp f

n

i D 1

H Ci
f C

n

j D 2

n 8
f 0
12

¡1 j

vC
f d¿ 1

f

C Tpm

n

i D 2

H ¡i
m ¡ H Ci

f d¿ i
m C

n

i D 2

H i ¡ H Ci
f dT i (10)

where H i .i D 2; : : : ; n/ is the Hamiltonian evaluated between the
impulses for spacecrafts 2 to n and the parameters de� ning the in-
termediate transfer orbit are reset to ¿ B

0 , T 1 , and ¿ 1
f . The remaining

variables have been de� ned above. The coef� cients of the inde-
pendent variations are used to form the cost gradient vector in an
optimization algorithm. On an optimal transfer, H ¡i

m D H i D H Ci
f

for spacecrafts2; : : : ; n. The Hamiltonian for spacecraft1 is related
in a more complicated way to the other spacecrafts’ value of the
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Hamiltonian as a result of the extra terms in the coef� cients of the
variationsof the booster transfer trajectory.The optimizationof this
type of transfer with the given cost gradient has been found to be
very ef� cient and well behaved numerically.

The departure location on Om for spacecraft 2 to n are given
by ¿ i

m . An additional constraint that may be needed and has not
been used is that ¿ i

m ¸ 0. As with the weak-booster case, these
inequality constraints can be removed if necessary by introducing
slack variables.

Transfer Examples
This section illustrates the use of the analytical cost gradient to

optimize a nominal multiple-spacecrafttransfer for three spacecraft
with the weak-booster model. A parameter optimization algorithm
is used to iterate on the unknown parameters to minimize the cost
function. A minimum is found when the terms of the cost gradient
vectorare near zero and the Hessianmatrix of the objective function
is positive de� nite. The algorithm used in this study is the variable
metric algorithm for unconstrained and constrained parameter op-
timization found in the routine VF13AD of the Harwell Subroutine
Library.9

The circularRTBP is used to approximatethemotionofspacecraft
about the sun–Earth–moon system. The numerical parameters for

Table 1 Sun–Earth–moon system RTBP parameters
(International Astronautical Union, 1976)

Parameter Symbol Value Units

Sun gravitational parameter Gms 1:32712438£ 1020 m3 /s2

Earth C moon gravitational Gme 4:03503294£ 1014 m3 /s2

parameter
Distance unit (1 AU) a 1:49597870£ 1011 m
Mean motion (calculated) n 1:99098670£ 10¡7 rad/s
RTBP mass ratio (calculated) ¹ 3:04042389£ 10¡6 ——

Table 2 Initial and � nal orbit parameters for multiple-spacecraft
transfer examples

Orbit Description x0 , km Py0, m/s Tp , days

Initial, O0 DRO 500,000 814.955 47.2921
Final, O f DRO 5,000,000 ¡2014.914 345.9780

Table 3 Booster and spacecraft parameters
for weak-booster example

Parameter Value

Booster initial mass 1000 kg
Booster burnout mass 850 kg
Booster speci� c impulse 300 s
Spacecraft initial mass (each) 1000 kg
Spacecraft speci� c impulse (each) 500 s

Table 4 Results for the weak-booster transfer case

Spacecraft separation, 1¿ D 0:1 Symbol Nominal Optimal Units

Booster departure point ¿0 1.5000 1.1297 Fraction O0 period
Departure 1v slack variable a 1.5700 1.5792 ——
Departure 1v ascension angle ® 0.00 4.90 deg
Departure 1v declination angle ¯ 0.00 ¡0.34 deg
SC-A departure point ¿ A

m 1.0000 1.6733 Fraction Om period
SC-B departure point ¿ B

m 1.0000 1.6625 Fraction Om period
SC-C departure point ¿C

m 1.0000 1.6469 Fraction Om period
SC-A � ight time T A 50.00 311.71 Days
SC-B � ight time T B 50.00 205.54 Days
SC-C � ight time T C 50.00 216.01 Days
SC-A arrival point ¿ A

f 0.6000 1.1555 Fraction O f period
SC-A maneuver magnitude 1v A 2680.18 486.95 m/s
SC-B maneuver magnitude 1vB 3525.15 425.17 m/s
SC-C maneuver magnitude 1vC 4219.04 620.65 m/s
Total maneuver magnitude 1vT 10425.19 1532.77 m/s
SC-A � nal mass m A

f 578.91 905.46 kg
SC-B � nal mass m B

f 487.27 916.94 kg
SC-C � nal mass mC

f 422.97 881.11 kg

this RTBP system are given in Table 1. The initial orbit and the � nal
orbits are simple periodic distant retrograde orbits (DROs) about
the Earth–moon system. In these examples, motion is con� ned to
the .x; y/ plane, which for the sun–Earth–moon RTBP model is the
eclipticplane.This assumptionprimarily simpli� es the presentation
of the results even though the formulation discussed in this analysis
allows for motion in threedimensions.The parametersfor the initial
and the � nal orbits are given in Table 2.

Transfer Example for the Weak-Booster Case
The optimal transfer solution for three spacecraft between DROs

without the aid of a booster has been solved.1 With the aid of a
booster with a propellant constraint, it is anticipated that the � nal
spacecraft masses on the � nal orbit will be greater than without the
aid of the booster. The booster and the spacecraft parameters for
this example are listed in Table 3. The booster parameters for this
case were chosen to produce a transfer that would illustrate clearly
the geometry of this type of transfer for the given orbits, and hence
they do not necessarily correspond to a particular set of booster
parametersfor existingupperstages.The spacingrequirementon the
� nal orbit is 10% of the � nal orbit’s time period, namely 1¿ D 0:1.

The results and the parameters for the nominal and the optimal
transfer are given in Table 4. In this and other tables, the departure
and the arrival points are given as fractionsof the initial, intermedi-
ate, and � nal orbit periods,whichhavebeennormalizedto unity, and

Fig. 1 Optimal transfer for the weak-booster case.
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Table 5 Results for the strong-booster transfer case

Spacecraft separation, 1¿ D 0:1 Symbol Nominal Optimal Units

Booster departure point ¿0 1.1400 0.5621 Fraction O0 period
Booster SC-A transfer time T A 300.00 205.91 Days
Booster SC-A arrival point ¿ A

f 1.0000 0.9412 Fraction O f period
SC-B departure point ¿ B

m 0.9000 0.5042 Fraction Om period
SC-C departure point ¿ C

m 0.9000 1.0159 Fraction Om period
SC-B � ight time T B 30.00 310.78 Days
SC-C � ight time T C 30.00 180.06 Days
SC-A maneuver magnitude 1v A 680.66 136.42 m/s
SC-B maneuver magnitude 1vB 4890.00 318.61 m/s
SC-C maneuver magnitude 1vC 4270.66 267.53 m/s
Total maneuver magnitude 1vT 9841.14 722.58 m/s
SC-A � nal mass m A

f 870.39 972.56 kg
SC-B � nal mass m B

f 368.88 937.09 kg
SC-C � nal mass mC

f 418.54 946.90 kg

Fig. 2 Optimal transfer for the strong-booster case.

zero is the epoch at which the initial conditions are speci� ed. The
optimal transfer solution is shown in Fig. 1. An interesting result is
that the booster places the spacecrafton a trajectory that has a close
Earth � yby. The departure maneuvers for each of the spacecraft oc-
cur near perigee at different locations and hence these are powered
Earth � ybys. For this particularexample, the cost decreasedsharply
from the nominal toward the optimal solution. However, near the
minimum further iterations failed to decrease the cost and the iter-
ation process was terminated. The cost became insensitive to some
of the parameters and in fact, the departure 1v declination angle
¯ was nonzero but small at the time the iterations were terminated.
Had this transfer been constrained or modeled strictly as a planar
transfer, ¯ would have been zero.

Transfer Example for the Strong-Booster Case
The algorithm for the strong-boostercase is used to compute the

transfer for three spacecraft between the terminal orbits. For this
case, the booster parameters are not requireduntil after a solution is
obtained in order to determine the class of booster that is required
for the transfer.

The results and the parameters for the nominal and the optimal
transfer are given in Table 5. The conditions that generate the nom-
inal transfer are chosen such that the � rst spacecraft arrives on the
� nal orbit at the intersection with the positive x axis; the remain-
ing two spacecraft are required to depart the injection orbit some
time before that. The optimal solution is shown in Fig. 2. Note that
spacecraft A performs only one maneuver, namely the orbit inser-

Table 6 Orbit parameters for the MSIC transfer

Orbit Description x0 , km Py0 , m/s Tp , days

Initial, O0 LEO 6,659.053 7,782.823 0.0622
Final, O f DRO 5,000,000 ¡2,014.914 345.9780

Fig. 3 Optimal transfer for a MSIC.

tion maneuver in which the booster transfer trajectory intersects the
� nal orbit. As anticipated,this case yields the highest values for the
� nal masses of the individual spacecraft.

Transfers for a Multiple-Spacecraft
Interferometer Constellation

This section presents the low Earth orbit (LEO)-DRO transfer of
a three-spacecraft constellation required to be spaced out equally
in time along a DRO about the Earth–moon system. There are a
couple of space physics missions that are considering the use of
multiple spacecraft to serve as an interferometer for the detection
of gravity waves.10;11 The example transfer presented here is sim-
ilar to that required by the mission discussed by Hellings et al.10

except that the � nal orbit in this case is the same DRO discussed
in all of the preceding examples. This example is referred to as
a multiple-spacecraft interferometer constellation (MSIC) transfer.
The parameters describing the two terminal orbits are listed in Ta-
ble 6. The initial spacecraft masses are 1000 kg, and the speci� c
impulse for each is 500 s. To approximate and simulate the injec-
tion conditions from LEO, an approximate launch model used by
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Table 7 MSIC strong-booster transfer results

Spacecraft separation, 1¿ D 1
3 Symbol Nominal Optimal Units

Booster departure point ¿0 0.9750 0.9756 Fraction O0 period
Booster SC-A transfer time T A 300.00 110.19 Days
Booster SC-A arrival point ¿ A

f 1.0000 0.6608 Fraction O f period
SC-B departure point ¿ B

m 1.1000 0.8938 Fraction Om period
SC-C departure point ¿C

m 1.1000 0.6005 Fraction Om period
SC-B � ight time T B 100.00 192.16 Days
SC-C � ight time T C 100.00 181.40 Days
SC-A maneuver magnitude 1v A 750.77 740.58 m/s
SC-B maneuver magnitude 1vB 1808.11 700.74 m/s
SC-C maneuver magnitude 1vC 2787.31 564.17 m/s
Total maneuver magnitude 1vT 5384.12 2005.48 m/s
SC-A � nal mass m A

f 858.03 859.82 kg
SC-B � nal mass m B

f 691.60 866.83 kg
SC-C � nal mass mC

f 566.40 891.31 kg

Pu and Edelbaum12 is used in this study. A 200-km circular parking
orbit about the Earth is approximated by assuming a circular park-
ing orbit about the Earth C moon mass at an altitude at which the
inertial circular orbit velocity is equal to the circular orbit veloc-
ity of the original 200-km circular orbit about the Earth alone. The
spacing requirement is to space the three spacecraft evenly along
the periodic orbit so that 1¿ D 1

3
.

If an upper stage is used to provide injection maneuver from
LEO and the 1vmax capability of the booster is unconstrained,then
the strong-booster case is the case that maximizes the spacecrafts’
� nal mass on orbit. The results and parameters for the nominal and
the optimal transfers are given in Table 7. The nominal transfer
is selected by having the � rst spacecraft arrive on the DRO at the
intersection with the positive x axis and the remaining spacecraft
depart the injection orbit some time after that. The optimal solution
is shown in Fig. 3. As expected, there is a large improvementon the
� nal mass placed on orbit for each of the spacecraft. It is interesting
to note that even though the � rst spacecraft (SC-A) performs only
one maneuver, the magnitude of this maneuver is larger than the
sum of the two maneuvers made by either SC-B or SC-C.

Conclusions
The weak- and the strong-boostercasesof the multiple-spacecraft

transfer problem have been presented. For a cost function that is
taken to be the sum of all of the impulsive maneuvers made by
all of the spacecraft and including the booster injection parameters
as independent parameters, the differential of the cost was derived
with primer vector theory. This provides analytical cost gradient
equations that can be used in an unconstrainedparameter optimiza-
tion algorithm to obtain transfer solutions for n spacecraft equally
spaced in time along a � nal orbit. In the current study, it may be
possible to improve the overall performance of the transfer if more
than two maneuvers are allowed per spacecraft. The formulation
allows the addition of a further set of parameters to determine if
intermediate impulses can lower the transfer cost for some or all
of the spacecraft. Such a set would consist of positions and times
for intermediate impulses, and the variation of the cost with respect
to perturbations in these parameters can be derived from the same
procedure presented here.

For the class of orbits used in the � rst example, the weak- and the
strong-booster cases resulted in a transfer involving a close Earth
� yby for all three spacecraft. The 1v costs for each of the three
spacecraft were signi� cantly different for both cases, and, as ex-

pected, the overall costs were higher for the weak-booster case.
These equations and their implementation in a parameter optimiza-
tion algorithmcan be used to compute transfer strategies ef� ciently
for multiple spacecraft launched on the same booster for which all
spacecraft are targeted to be spaced along the same � nal orbit.
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